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Using the funtional-integral method, we investigate the eet of a two-level systems thermal
reservoir on the single partile dynamis. We nd that at low temperatures, within the sub-ohmi
regime, the partile beomes dynamially loalized at long times due to an eetive potential
generated by the partile-reservoir interation. This behavior is dierent from the one obtained
for the usual bath of harmoni osillators and is fundamentally related with the non-Markovian
harater of the dissipative proess.
PACS numbers: 73.43.-f, 73.21.-b, 73.43.Lp
I. INTRODUCTION
The inuene of dissipation on quantum tunneling
1
and on quantum oherene
2
has attrated muh attention
during the last deades. In a pioneer work, Caldeira and
Leggett
1
suggested that a bosoni heat bath onsisting of
an innite number of harmoni osillators onstitutes an
universal realization, whih an mimi a large variety of
real environments.
3
However, a real environment annot
always be represented in this way. Indeed, if the parti-
le of interest ouples to a non linear system, the latter
may, under ertain irumstanes, behave as a fermioni
heat bath. That is the ase of a distribution of quarti
plus quadrati potentials, whih within a very well known
limit,
4
eetively ats as a olletion of two-level systems
(TLSs). In suh a ase the environment truly behaves as
a spin 1/2 medium.
A spin-bath omposed of an innite number of TLSs
has been mostly onsidered when the system of interest is
itself a TLS,
5
providing for instane, a realisti desrip-
tion of a nanomagnet oupled to a set of surrounding
spins
6
and a useful model to desribe the loss of quan-
tum oherene.
7,8
The representation of dissipative envi-
ronments by a spin-bath has been extended also to situ-
ations in whih the environment is not omposed of real
spins, as e.g. in the desription of disordered insulating
solids
9
or for explaining the damping of aousti phonons
in a nanomehanial resonator.
10
Moreover, it has been
found that the dissipative dynamis of a single partile
linearly oupled to a TLSs reservoir is non-Markovian
11
and that the transport properties strongly dier from the
usual osillator thermal bath.
12
Indeed, the optial on-
dutivity of a set of non interating partiles linearly ou-
pled to a TLSs reservoir exhibits a remarkable non-Drude
behavior. In partiular, in the sub-ohmi regime the sys-
tem exhibits a maximum in the inoherent eletrial on-
dutivity at nite frequeny.
12
This kind of behavior has
been experimentally observed in La2−xSrxCuO4
13
and
La1−xSrMnO3,
14
in situations in whih inelasti satter-
ing dominates the transport properties. The broad -
nite energy peak observed experimentally suggests a "dy-
namial" loalization of the harged partiles, similar to
the non-Fermi-liquid behavior found in the infrared on-
dutivity of SrRuO3.
15
In all the ases disussed above,
the loalization of the partile was attributed to inelasti
sattering proesses beause they are strongly enhaned
as the temperature is raised. This high-temperature
loalization is dierent from the Anderson loalization,
whih tends to be destroyed by inelasti proesses.
In this paper we present a simple model, whih leads
to dynamial loalization due to inelasti sattering,
but at low temperatures. At this point, we want to all
the attention of the reader to our use of the term dy-
namial loalization. This term is onventionally used
in the literature
16
to designate quantum phenomena tak-
ing plae in time-periodi systems, whose orresponding
lassial dynamis displays haoti diusion. The phe-
nomenon desribed here bears no similarities with the
latter and for this reason we use the term under quota-
tion marks. The dynamial loalization of the harge
arriers studied here is generated by their oupling to
a TLSs thermal bath and is in lose relation to a non-
Markovian proess at the lassial level. At rst sight,
a non-Markovian partile dynamis, whih implies that
the partile never reahes equilibrium, seems to be in
ontradition with loalization, whih is harateristi of
insulators. This paper intends also to shed some light
on this point. In order to ahieve our goal, we investi-
gate the real time eetive dynamis of a single partile
oupled to a TLSs thermal reservoir in the sub-ohmi
regime. The eetive ation, whih desribes the parti-
le interating with the TLSs bath, is obtained using the
well known Feynman-Vernon formalism.
17
This paper is divided as follows: In Se. II we present
the model desribing the partile of interest interating
with the TLSs reservoir, as well as a brief sketh of the
derivation of the eetive partile dynamis. In Se.
III the dynamial loalization eet is expliitly de-
2rived and disussed in spei ases within the sub-ohmi
regime. Finally in Se. IV we present our onlusions.
II. THE MODEL
To begin with, we will desribe the partile of inter-
est oupled to a generi TLSs thermal reservoir by the
Hamiltonian
H =
pˆ2
2M
+ u(x) +
N∑
k=1
~ωk
2
σzk − x
N∑
k=1
Jkσxk, (1)
where the rst two terms stand for a partile under the
inuene of an arbitrary potential u, the third term a-
ounts for the TLSs reservoir, and the last one desribes
the interation between the partile and the thermal
bath. Jk denotes the oupling parameter and σzk/xk
stand for Pauli matries.
The rst step is to alulate the redued density op-
erator of the partile of interest, whih may be obtained
after traing out the reservoir degrees of freedom,
ρ(x, y, t) = TrR[〈x|e
−iHt
~ ρ(0)ei
Ht
~ |y〉]. (2)
The density operator of the total system at time t = 0
will be assumed to be deoupled, ρ(0) = ρS(0)ρR(0). The
redued density operator (2) an then be written as
ρ(x, y, t) =
∫
dx′
∫
dy′ρS(x
′, y′, 0)J (x, y, t;x′y′, 0),
where the super-propagator J has the form
J =
∫ x
x′
Dx(t′)
∫ y
y′
Dy(t′)e
i
~
(S0[x]−S0[y])F [x, y]. (3)
In the expression above, S0[x] orresponds to the ation
of a free partile plaed in the potential u, while F de-
notes the inuene funtional whih desribes the inu-
ene of the reservoir on the partile dynamis. After
integrating out the reservoir degrees of freedom and in-
troduing a set of oordinates orresponding to the par-
tile enter of mass q = (x+y)/2 and relative oordinate
ξ = x−y, we obtain the super-propagator for the partile
of interest (see [12℄ for details),
J [q, ξ, t; q′, ξ′, 0] =
∫ ξ
ξ′
Dξ
∫ q
q′
Dq e
i
~
S
e
[q,ξ]− 1
~
φ[ξ]. (4)
The eetive ation is given by
S
e
=
∫ t
0
dt′
[
Mq˙(t′)ξ˙(t′)− u(q, ξ)
−
∫ t′
0
dt′′Λ(t′ − t′′)q(t′′)ξ(t′)
]
, (5)
where
Λ =
∫
∞
0
dωJ(ω, T ) sin[ω(t′ − t′′)],
and the funtional φ has the form
φ[ξ] =
∫ t
0
dt′
∫ t′
0
dt′′Φ(t′ − t′′)ξ(t′)ξ(t′′), (6)
with
Φ =
∫
∞
0
dωJ(ω, T ) cos[ω(t′ − t′′)] coth (~ω/2kBT ) .
It should be notied that the kernels Λ and Φ are both
dened in terms of the spetral density of the thermal
reservoir
12 J(ω, T ).
We now perform an integration by parts to render ex-
pliit the dependene of the last term in Eq. (5) on the
veloity. We then nd
S
e
=
∫ t
0
dt′
[
Mξ˙(t′)q˙(t′)− ξ(t′)
∫ t′
0
dt′′Γ˜(t′ − t′′)q˙(t′′)
+ Γ˜(0)ξ(t′)q(t′)− u(q, ξ)− q(0)Γ˜(t′)ξ(t′)
]
, (7)
where
Γ˜(t′ − t′′) =
∫
∞
0
dω
J(ω, T )
ω
cos[ω(t′ − t′′)]. (8)
Although in this form the eetive ation shows an ex-
pliit veloity dependent term, harateristi of visous
fores, we have obtained also two additional spurious on-
tributions. The rst term in the seond line of Eq. (7) is
nothing but a harmoni potential, whih an be aneled
by an appropriate hoie of the external potential,
u(q, ξ) = Γ˜(0)qξ = Γ˜(0)(x2 − y2)/2.
This assumption allows us to fous on the dissipative
eets of the environment. An alternative proedure
would be to start from a momentum dependent partile-
reservoir interation. In this way the eetive ation
would immediately exhibit a veloity dependent term,
without any additional spurious ontribution. To on-
lude the analysis of Eq. (7) we must point out that
its last term utuates very rapidly for times t ≫ 1/ω.
Hene, in priniple this term ould be negleted within
the long time regime. However, as we will show below,
there is no need to introdue approximations beause it
will anel out naturally when we introdue the initial
onditions of the problem. The eetive ation for a sin-
gle partile oupled to the TLSs reservoir then reads
S
e
[q, ξ] =
∫ t
0
dt′
[
Mq˙(t′)ξ˙(t′)− q(0)Γ˜(t′)ξ(t′)
−
∫ t′
0
dt′′Γ˜(t′ − t′′)q˙(t′′)ξ(t′)
]
. (9)
Before expliitly solving the equation of motion orre-
sponding to the ation (9), it is onvenient to speify the
3spetral density of the thermal bath in terms of maro-
sopi parameters. A reasonable assumption
12
for it is
J(ω, T ) =
η
pi
(
ω
ωc
)s
tanh
(
~ω
2kBT
)
Θ(Ω− ω), (10)
where Ω is a uto frequeny, η is a onstant dening
the oupling strength of the partile to the TLSs, s is
a number (real and positive) whih determines the long
time properties of the thermal bath, and ωc is some har-
ateristi frequeny introdued in order to make the unit
of η independent of s. Notie that the temperature de-
pendene in Eq. (10) is ruial for a fermioni heat bath
beause it ensures that the bath degrees of freedom are
exited as the temperature inreases.
18
In Ref. [19℄ this
point was not aknowledged, leading to the wrong on-
lusion that the deaying term in the partile equation
of motion is temperature independent.
Using Eqs. (9) and (10), the lassial equations of mo-
tion for q and ξ an be written as
q¨ +
2γ
pi
∫ t
0
dt′Γ(t− t′) q˙(t′) +
2γ
pi
q(0)Γ(t) =
eE(t)
M
, (11)
ξ¨ −
2γ
pi
∫ t
0
dt′Γ(t− t′) ξ˙(t′) +
2γ
pi
ξ(0)Γ(−t) = 0, (12)
where the damping onstant is dened as γ = η/2M and
the kernel Γ is given by
Γ(t) =
∫ Ω
0
dω
ωs−1
ωsc
tanh
(
~ω
2kBT
)
cos(ωt). (13)
Therefore, after traing out the TLSs reservoir we ob-
tained an equation of motion for the partile enter of
mass (11) in whih the thermal bath has the same eet
as that of a visous uid.
For any value of s the solution of Eqs. (11) and (12)
an be written in terms of the kernel Laplae transform
as
q(z) =
zq(0) + q˙(0)
z2 + 2γzΓ(z)/pi
, (14)
ξ(z) =
zξ(0) + ξ˙(0)
z2 − 2γzΓ(z)/pi
, (15)
where
Γ(z) =
Ωs+1
s+ 1
[
2F1(1,
1+s
2 ,
3+s
2 ,−
Ω2
z2 )
z2
tan
(
~z
2kT
)
−
4kBTz
~
∞∑
n=1
2F1(1,
1+s
2 ,
3+s
2 ,−
Ω2
λn2
)
λn2(λ2n − z
2)
]
. (16)
In the expression above 2F1 denotes the hyper-geometri
funtion and λn = (2n − 1)pikBT/~, with n ∈ N. It
should be notie that the utuating fore, given by the
last term on the LHS in Eq. (11), does not appear in Eq.
(14). This term was exatly aneled by the initial on-
dition inluded in the Laplae transform of the damping
term and therefore there is no need to drop it out by
assuming the long time approximation. In order to illus-
trate how the dissipative properties of the TLSs thermal
reservoir aets the single partile dynamis in the sub-
ohmi regime (s < 1), lets investigate the simple ase in
whih q(0) = 0 and q˙(0) = v0.
III. THE DYNAMICAL LOCALIZATION
We start by disussing the s = 0 ase, in whih we
an proeed analytially a bit further. In this ase the
hyper-geometri funtion reads 2F1(1, 1/2, 3/2,−x
2) =
x−1 arctanx and the Laplae transform of the damping
funtion given by Eq. (16) aquires the form
Γ =
∞∑
n=1
4kBTz
~(λ2n − z
2)

 tan−1 (Ωz )
z
−
tan−1
(
Ω
λn
)
λn

 . (17)
In the partiular ase of Ω → ∞, the high tempera-
ture limit of Eq. (17) is Γ(z) = ~/2kBT and therefore
the eetive dynamis of the partile of interest simply
beomes
q(t) =
v0
~γ/2kBT
(1− e
−
~γ
2kBT
t
). (18)
This result orretly reprodues the osillator-bath model
with an ohmi temperature dependent damping on-
stant. Indeed, if we assume ~ω ≪ kBT and Ω → ∞
in Eq. (13) the damping funtion beomes Γ(t − t′) =
(~pi/2kBT )δ(t − t
′), whih is an instantaneous fun-
tion, indiating that the dissipative proess is ompletely
memoryless and the ondition of zero fritional fore is
ahived only when the partile veloity is zero. Physi-
ally, this limit orresponds to a weak partile-reservoir
interation beause most of the TLSs are oupied (on
average), ausing no damping on the partile. Therefore,
we reover the known result demonstrated in Ref. [17℄,
namely that when the oupling between the partile of
interest and a nonlinear bath is weak enough, the latter
behaves as a olletion of harmoni osillators.
However, the features disussed above are not valid for
all values of temperature and frequeny uto. In fat,
we realize that at T = 0, even assuming Ω→∞, it is im-
possible to obtain a damping funtion without memory.
In this ase the problem beomes non-Markovian and al-
though the partile beomes loalized after some time,
neither its position nor its veloity ever reah the equi-
librium. This behavior is illustrated in Fig.1 for nite Ω
and dierent values of temperature. It is worth to notie
that in this situation the partile dynamis ompletely
diers from its behavior in the osillator bath model. In
the later, at zero veloity, the fritional fore over the
partile is also zero and lassially, the partile remains
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Figure 1: Time dependene of the partile enter of mass for
s = 0 and dierent values of temperature. The ontinuous line
orresponds to T = 0.0001, while the dash-dotted, dotted,
dashed and double-dotted lines are for T = 0.01, T = 0.1,
T = 0.2 and T = 0.5, respetively. In all ases Ω = 1, γ = 0.3
and the initial veloity was taken equal to 1.
in that state forever. In our non-Markovian situation,
the fritional fore ating on the partile depends on the
previous veloities with dierent weights - given by the
kernel (13) - and the situation of zero fritional fore over
the partile, at a given instant, does not orrespond to
zero veloity.
It is not diult to see that at low temperature, the
kernel osillates in time, keeping its sign onstant and
therefore the only possibility of getting zero fritional
fore ating on the partile at a given instant ours when
the partile hanges the momentum diretion within the
time interval. From the physial point of view, this be-
havior resembles that of a partile onned by a poten-
tial. Indeed, the partile osillation around this eetive
potential, whih learly appears for T = 0.0001 in Fig. 1,
an be promptly obtained within the long time regime.
The term cos[ω(t− t′)] in Eq. (13) then osillates rapidly,
yielding no ontribution to the damping proess for long
times, exept when ω ≪ (t − t′)−1. In suh a situation,
Γ(t) beomes nite and time independent, turning the
damping term into a harmoni loalizing potential. As
the temperature inreases, less reservoir states are able
to play their dissipative role and the partile takes longer
to get loalized far from the origin.
We an therefore onlude that the partile dynam-
is in this situation (s = 0) is ompletely dierent from
the one obtained when the thermal bath is represented
by the usual osillator model. Here, memory eets in
the damping proess lead to a dynamial loalization
of the partile at a ertain distane from the initial po-
sition, whih is proportional to the temperature. The
strength of the loalization potential is determined by
the ratio of two quantities, namely the thermal and the
uto energies. This quantity measures the number of
reservoir states whih eetively ouple to the partile
and obviously also depends on the total reservoir states
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Figure 2: Time dependene of the partile enter of mass for
s = 0.5 and dierent values of temperature. The ontinuous
line orresponds to T = 0.0001, while the dash-dotted, dotted,
dashed and double-dotted lines are for T = 0.01, T = 0.1,
T = 0.2 and T = 0.5, respetively. In all ases Ω = 1, γ = 0.3
and the initial veloity was taken equal to 1.
0 20 40
t
0
5
10
15
20
q(t
)
Figure 3: Time dependene of the partile enter of mass
for T = 0.001 and dierent values of s. The ontinuous line
orresponds to s = 0, while the dotted and dashed lines are
for s = 0.5 and s = 1, respetively. In all ases Ω = 1, γ = 0.3
and the initial veloity was taken equal to 1.
determined by the spetral funtion.
In order to get more insight on the partile dynamis
in the sub-ohmi regime we have plotted in Fig. 2 the po-
sition as a funtion of time in the spei ase of s = 0.5.
At very low temperatures, the main dierene from the
s = 0 ase is that the loalizing potential strength in the
long time regime beomes weaker and the dynamial lo-
alization eet is diult to observe, see the T = 0.0001
and T = 0.01 ases, for instane. This is a onsequene
of having dereased the weight of the low energy reser-
voir states in the spetral funtion. At the same time,
as the temperature inreases, the number of low energy
states eetively ontributing to the dissipative proess
beomes redued beause several low-energy states are
oupied (on average) and the partile moves nearly free,
5see Fig. 2 for T = 0.2 and T = 0.5. This last behav-
ior diers from the s = 0 situation in whih, even at
high temperatures, there are enough low energy states to
loalize the partile. In general, the partile dynamis
in the sub-ohmi regime will be desribed by a funtion
whih exhibits a behavior in between that of the s = 0
and s = 1 limiting ases. This behavior is illustrated
for low temperatures in Fig. 3. The entral point in the
ohmi ase (s = 1) is that even at low temperatures,
there are not enough low energy states that render the
partile onnement appreiable in the long time regime.
IV. CONCLUSIONS
We have studied the real time dynamis of a parti-
le oupled to a TLSs thermal reservoir and found that
within the sub-ohmi regime the partile beomes loal-
ized in the long time limit, osillating in the real spae
as a onsequene of an eetive potential generated by
its interation with the thermal bath. The osillatory
behavior renders the loalization dynamial and there-
fore neither the partile position nor its veloity ever
reah the equilibrium. This behavior is assoiated with
the non-Markovian harater of the dissipative proess,
whih in our simple model is provided by inelasti satter-
ing of the partile of interest by the TLSs. We hope that
our ndings an be of some help in the understanding of
transport properties of systems in whih the dissipative
medium seems to be sub-ohmi.
20,21,22
We also speu-
late about the extension of the model disussed here to
a situation in whih the fermioni bath exitation has a
nite gap ∆(T ). In suh a ase, we expet that the ef-
fet of dynamial loalization will start at temperatures
above ∆(T )/kB, whih is probably more appropriate to
desribe realisti situations.
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